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Abstract

Modulated codes (MC) are error correction codes
(ECC) over the real/complex field, which are used for mit-
igating the intersymbol interference (ISI). The arithmetic
operations of the MC encoder are the same as the ones
of an ISI channel, therefore, an ISI channel and an MC
can be naturally combined together. With the combina-
tion, the MC can be optimally designed for the mitigation
of the ISI. In this paper, we propose a new coded zero-
forcing decision feedback equalizer (ZF-DFE) using MC.
For the MC coded ZF-DFE we present the performance
analysis and the optimal MC design for a given ISI chan-
nel, where the coding gain based on the joint ZF-DFE
is formulated comparing to the uncoded AWGN channel.
Our numerical results show that the MC coded ZF-DFE
outperforms the conventional uncoded/coded ZF-DFE and
the uncoded/coded Tomlinson-Harashima (TH) precoding
at, at least, low channel SNR, where the BPSK is used.

1 Introduction

Decision feedback equalizers (DFE) have been used in
various communication systems including modem design,
see for example [1, 2, 3, 7]. The DFE, however, has the
error propagation problem, in particular for spectral null
channels. Recently, error correction codes (ECC) have
been combined with the DFE, see for example [8] using
high rate block codes. As pointed out in [8] the error prop-
agation of the DFE makes it hard to be combined with an
ECC. Trellis coded modulations (TCM) have also been
studied for the intersymbol interference (ISI) channels, see
for example [3, 4]. For a given ISI channel, it is usually
not an easy task to design a good TCM for mitigating the
ISI. The main reason behind the difficulties for the cur-
rent ECC or TCM assisted ISI mitigation methods is that
the arithmetic operations of the ECC encoding and the ISI
channels are over different fields with one over finite fields
and the other over the real/complex field. Based on this
observation, ECC over the real/complex field, called modu-
lated codes (MC), have been recently studied in [9, 10, 11]
for mitigating the ISI. Using MC, a spectral null chan-
nel can be converted into an invertible multi-input and
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multi-output (MIMO) system [9]. It has been proved in
[10] that an MC does not have any coding gain over the
AWGN channel and it may, however, have coding gain
over the ISI channel. It has been proved in [9] that for any
ISI channel with two or more taps, there always exist MC
such that a coding gain can be achieved. Furthermore,
the joint maximum likelihood sequence equalizers (MLSE)
have been studied in [11] with a superior performance over
the conventional coded modulation schemes for spectral
null channels.

In this paper, MC coded zero-forcing decision feedback
equalizer (ZF-DFE) is proposed. We present the perfor-
mance analysis for the MC coded ZF-DFE. Based the per-
formance analysis, we present the optimal MC design for
the MC coded ZF-DFE given an ISI channel or its statis-
tics. The coding gain is also formulated over the uncoded
system in the AWGN channel. Simulation results indi-
cate that the MC coded ZF-DFE outperforms significantly
over the conventional uncoded/coded ZF-DFE and the un-
coded/coded TH precoding for both spectral null and none
spectral null channels. The computational complexity of
the MC coded ZF-DFE is similar to the one of the un-
coded ZF-DFE. MMSE based optimal design of the joint
transmitter and receiver using nonmaximally decimated
multirate filterbanks as precoders, which are basically the
MC, has been recently studied, see for example [12]. Some
related works can be found in [13].

This paper is organized as follows. In Section 2, we
describe MC and their combinations with ISI channels. In
Section 3, we describe the MC coded ZF-DFE, present the
performance analysis and the optimal MC design for the
MC coded ZF-DFE. In Section 4, we present simulation
and theoretical results.

2 Modulated Code Description

For the completeness, in this section we describe MC
and some of their properties obtained in the previous pa-
pers [9, 10, 11].

In what follows, we use boldfaced capital English
letters, X(z), Y(z), ..., to denote polynomial matri-
ces/vectors or z transforms, captial English letters, X (n),
Y(n),..., to denote constant matrices and vectors that are
formed from the scalar sequences z(n),y(n),..., after the
serial to parallel conversion unless specified otherwise, and
small case English letters to denote scalar values, z(n),
y(n), .... Since we deal with error correction codes defined

over the complex field, instead of using D we use z~' as
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the delay variable. The D transforms become the z trans-
forms.

A rate K/N modulated code (MC) is an N by K poly-
nomial matrix

gu(z) - gix(2)

Qa
G(z) = =) Gz, (2.1)
=0

gn1(2) gn K (2)
where g,.x(2) is a polynomial of 2z~ ! with complex-valued
coefficients, G(I) is an N x K constant matrix with complex
entries, and Q)¢ is a nonnegative integer. The constraint
length v of a K/N MC is defined the same as the conven-
tional convolutional codes. Let s(n) be a binary informa-
tion sequence and z(n) be the complex symbol sequence
after the binary-to-complex symbol mapping of s(n). Let
X (n) be the K by 1 vector sequence of z(n) after the se-
rial to parallel conversion. Their z transforms are x(z) and
X(z), respectively. Then the encoding of an MC is

Y (2) = G(2)X(2), (2.2)

where Y (z) is the z transform of the encoded N by 1 vector
sequence.

Since, in the encoding of an MC, the coded signal mean
power may be different from the information signal mean
power. For convenience, an MC is normalized such that
the mean power of the encoded signal y(n) is the same
as the one of the information sequence z(n). This can
be achieved by normalizing the magnitude squared sum of
all the coeflicients of all the polynomials gn1(z), gn2(2),...,
gnk (z) in G(z) as follows. Let

guk(2) =) gz, 1Sn<NI<k<SK (23)
l

Then,

WE

> > g P = N. (2.4)

If an MC G(z) satisfies (2.4), it is called a normalized
MC. For an MC G(z), its free distance can be defined as
the minimum Euclidean distance between all two different
encoded sequences y1 (n) and y2(n) in (2.2). Comparing to
an uncoded system in AWGN channel, the coding gain of
a normalized rate K/N MC with its free distance d?ree in
AWGN channel is

1

_ d27‘66K
T Nd?_

min

v (2:5)
where d2,;,, is the minimum distance between the complex
symbols of the information sequence x(n). Notice that
the above coding gain is defined based on the maximum-
likelihood decoding, i.e., the Viterbi decoding. Later, we
will have another coding gain definition based on the ZF-
DFE decoding. The following result was obtained in [11].

Theorem 1 A modulated code does not have any coding
gain in an AWGN channel, i.e., v <1 in (2.5).

In the following, we consider an ISI channel. Without
loss of generality, in what follows we only consider normal-
ized MC. Let H(z) be the z transform of an ISI channel
with finite taps h(n), 0 <n <T'—1 for I" > 1 and h(0) # 0
and h(l' — 1) # 0. For convenience, the ISI channel h(n)
is normalized to have a unit energy:

> Ihm)P =1. (2.6)

Let G(z) be a normalized rate K/N MC. Then, the combi-
nation of the MC G(z) and the ISI channel H(z) becomes
another MC C(z):

C(z) = H(2)G(2), (2.7)

where H(z) is the following N by N pseudo-circulant poly-
nomial matrix (see [14]):

ho(z) 27 hv-1(2) 27 hi(z)
hi(z) ho(z) 2" 1hy (2)
HE)= | S
hn-2(z) hn-3(z) 27 hiv—1(2)
thl(Z) hN72(Z) ho(z)

(2.8)
where h,(z) is the nth polyphase component of H(z)

ho(z) = Zh(NlJrn)z*l, 0<n<N-1.
4

Let Q(n) be the received N by 1 vector sequence with its
z transform Q(z). Then,

Q(z) = C(2)X(z) = H(2)G(2)X (7). (2.9)

An important consequence of the above combined MC is
its invertibility even when the ISI channel H(z) is spectral
null, see [9].

Although the encoding at the transmitter is based on
the normalized MC G(z), the decoding is based on the
combined MC C(z), where G(z) is over the ISI channel
while C(z) is over the AWGN channel. The coding gain
~vis1 of the MC G(z) at the transmitter over the ISI chan-
nel is defined as the coding gain of the combined MC C(z)
over the AWGN channel, i.e.,

d?‘r&e,c K
.. N’

min

Vis1 = (2.10)

where df,cc,c is the free distance of the combined MC
C(z). When the ISI channel is fixed, the MLSE perfor-
mance of the uncoded ISI channel is always not as good
as the one of the uncoded AWGN channel. This implies
that the above coding gain <rsr is a portion of the real
coding gain compared to the uncoded ISI channel, i.e., the
real coding gain is the sum of 7757 (dB) and the difference
(dB) between the uncoded ISI and AWGN channels.

By the normalization, the mean power of the transmit-
ted signal y(n) is the same as the one of the information
signal x(n). A very important observation is that the mean
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power of the received signal ¢(n) may be different. It turns
out that, by properly choosing an MC G(z), the mean
power of the received signal g(n) after the ISI channel may
be greater than the information signal mean power. This
is the key for the existence of a coding gain for an MC in
an ISI channel, which is stated as follows.

Theorem 2 For any ISI channel h(n), 0 < n < T —1,
with ' > 1 and h(0) # 0, h(I' — 1) # 0, there ezists a
normalized modulated code G(z) such that the combined
modulated code C(z) in (2.7) has a coding gain, i.e.,y > 1
in (2.5), over the uncoded system in the AWGN channel.

This result was obtained in [10].

3 MC Coded Zero-Forcing Decision
Feedback Equalizer
In this section, we propose the MC coded ZF-DFE and
the performance analysis. We then present the optimal
MC design especially for the MC coded ZF-DFE.

3.1 MC Coded ZF-DFE and Performance
Analysis

The block diagram for the MC coded ZF-DFE is shown
in Fig. 1, where Ik is the K by K identity matrix, and
the K by 1 vector decision takes the best K by 1 vector
of all the possible K by 1 information symbol vectors, and
n is the channel additive white Gaussian noise with zero
mean and the variance 05 = No/2.

combined MC of size N by K: Cl2)= Hz) d2)
ISI

; binary to : mMC arallel
binary complex sg?;llé? encoding 57 serial channel
sequence |mapping p: Gz) Hz)

matrix parallgel|
multiplier Kby 1 to serial
of Sizpe vector - and complex ——
Kby N decision to binary
D(z) mapping

Figure 1: Modulated-coded zero-forcing decision feed-
back equalizer.

The role of the matrix multiplier D(z) at the receiver
in Fig. 1 for the MC coded ZF-DFE is to convert the
nonsquare matrix polynomial C(z) of the combined MC
into a square matrix polynomial so that the DFE can be
implemented as shown in Fig. 1. It is usually the case that
the higher of the order of the ISI channel to equalize is,
the worse of the DFE performance is. To make the order
of the overall ISI system F(z) after the matrix multiplier
as low as possible, where

F(z) 2 D(z)C(z) = D(2)H(2)G(z), (3.1)

and H(z) is from (2.8), the matrix multiplier D(z) simply
takes a K by N constant matrix. It also suggests that the

MC G(z) takes a block code, i.e., G(z) is an N by K con-
stant matrix. We next want to study the MC design rule
for the ZF-DFE. Consider an N by K block MC G(z) = G
and a constant K by N matrix multiplier D(z) = E. The
combined MC becomes

C(z) = H(0)G+H(1)Gz"" +---+ HP)G="", (3.2)

where H(z) = Z:):O H(p)z~" for some P > 0 and

h(0) 0 0
h(1) hO) - 0

o= | C ] e
hN=1) B(N—=2) --- h(0)

which is nonsingular when h(0) # 0. From the feed-
back loop in the ZF-DFE in Fig. 1, we want to have
EH(0)G = Ik, i.e., the feedback does not depend on the
current vector. Therefore, the matrix multiplier D(z) = E
is the right inverse (pseudo inverse), (H(0)G)", of the N
by K constant matrix H(0)G.

Since the matrix multiplier D(z) = F is implemented at
the receiver, the channel additive noise 7 is also multiplied
by the matrix E. Let E = (ejj)kxn~. Then the mean
power of the multiplied noise 7 of n is

K N K N
2 Zi:l Z]‘:l |€ij|2 2 Zi=1 Z]‘:l |6ij|2
= 7 oL =

7 n 2K

No. (3.4)

By the normalization condition of the MC G, the mean
transmitted signal power is still o2. Similar to the conven-
tional ZF-DFE for invertible ISI channel, see, for example,
[7], the signal-to-noise ratio (SNR) after the MC coded
ZF-DFE for the invertible C(z) is

. 2Ko?
Sois, Yoimy leis 2 No

Based on this SNR analysis at the receiver, to maximize
the SNR we have the following optimal MC design rule:

SNR = (3.5)

SN

K N
m(;nz Z lei;|> under the condition EH(0)G = Ik,
i=1 j=1
(3.6)
where the MC G satisfies the normalization condition

> D laul’ =N (3.7)

i=1 j=1

Let the singular value decomposition of the matrix H(0)G
be

UVU, = H(0)G, (3.8)
where U; and U, are N x N and K x K unitary matrices,
respectively, and

v ( diag(A1, -+, Ak) )7 (3.9)

ON—K)xK
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and A\; for ¢ = 1,2,..., K are the singular values of the
matrix H(0)G. Then the matrix multiplier E should be

D(z)=E=UV U/, (3.10)
where T denotes the conjugate transpose and
VTl = (diag(1/A1, -+, 1/Ak), Ok x(v—£))-  (3.11)

Thus, the total energy of the matrix E is

K N K 1
SO el :ZF (3.12)
i=1 j=1 i=1

Therefore, using the elementary inequality on the right
hand side of (3.12) we have

K N K 1 /K
S el 2 K (n A-) 6w
i=1 j=1 i=1
where the equality (the minimum) is reached if and only if

AM=X=--=Ax =\ (3.14)

The optimality condition (3.14) is the one to design the
MC G that whitens the matrix H(0) generated from the
ISI channel. In the next subsection, we propose a method
to design such MC G given an H(0).

We now study the error probability for the MC coded
ZF-DFE in Fig. 1. Let us consider the vector decision
block in Fig. 1. For a general MC G at the transmitter
and the matrix multiplier E with the form in (3.10), each
K x 1 multiplied noise vector 7 for a fixed time may be
colored when K > 1. In this case, the vector decision is
necessary for the optimal detection. If the MC G whitens
H(0), i.e., the condition (3.14) holds, then it is not hard
to see that each K x 1 multiplied noise vector 7 for a fixed
time is white too. Thus, the vector decision in Fig. 1 can
be reduced to the symbol-by-symbol detection as shown in
Fig. 2.

combined MC of size N by K: Qz)= Hz) G2)
ISI

; binary to : mMC arallel
binary complex sg?;llé? encoding 57 serial channel
sequence |mapping P Gz) Hz)

—

5

matrix parallel
- multiplier symbol- . |to serial
of size by-symbol P-1and complex  ——
parallel Kby N decision to binary
D(z) mapping

Figure 2: Modulated-coded zero-forcing decision feed-
back equalizer with optimal MC.

Assume that the condition (3.14) for the MC encoding
holds, which is always possible to design as we shall see

later. In this case,

N K K
DD el =55
i=1 j=1

Let P,(7s) denote the symbol error probability at the sym-
bol SNR ~, for the binary-to-complex symbol mapping
used at the transmitter in Fig. 1. For convenience, in what
follows we only consider the BPSK binary-to-complex sym-
bol mapping. In this case, the symbol error probability is
P, (vs) = Q(v/27s), where s is the SNR before the decision
block in Fig. 1. Using the SNR (3.5), the corresponding

¥s 18

o= T Ko} N2 XK E,

ST 992 T K N ; = = —.

205 Zi:l Z]-Zl leij |2 No No N Ny
(3.15)

Then, the bit error rate (BER) for the MC coded ZF-DFE
at the E}/Np is

BER = P.(7.) = Q(1/2527), (3.16)

where 7 is the coding gain over the uncoded BPSK in
AWGN channel as follows:

(3.17)

where A is defined in (3.14).
3.2 The Optimal MC Design

In this subsection, we present the optimal MC design
such that the optimality condition (3.14) is satisfied.

Let the singular value decomposition of the N x N ma-
trix H(0) defined in (3.3) as

H(0) = WAW,, (3.18)
where W; and W, are two N x N unitary matrices and
A = diag(é,- -+, £n), (3.19)

where £, > --- > £n > 0 are the N singular values of
H(0). Then, the optimal normalized MC G is

Ak

Gopt = WIGU, = WiAT'U <
ONv—K)xK

) U., (3.20)
where U, is an arbitrary K X K unitary matrix,
U =diag(U1, Us), and U, and Us are two arbitrary K x K
and (N — K) x (N — K) unitary matrices, respectively, W,
is the N x N unitary matrix defined in (3.18), A is the
diagonal matrix defined in (3.19), and A = N/(Ef; £7%).
The optimal coding gain formula in (3.17) for the BPSK
signaling, we have the following optimal coding gain us-
ing the optimal rate K/N MC G, in (3.20) for a given

channel: K
Yopt = (3 2 1)

K _ )
Zi:l fl ’
where &, ¢ = 1,2, ..., K, are the first K largest singular
values of H(0).
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4 Simulation Results . .
In this section, we want to present some simulation re-

sults to illustrate the theory for the optimal MC design for
the MC coded ZF-DFE developed in the previous sections.
Consider a simple channel Channel A: [1/v/2,1/v/2].
We compare four equalization techniques, namely (i) con-
ventional convolutionally coded and uncoded ZF-DFE; (ii)
conventional convolutionally coded and uncoded TH pre-
coding; (iii) MC coded ZF-DFE; (iv) MC coded joint
MLSE. Theoretical BER vs. E,/Ny curves for BPSK in
AWGN channel and the MC coded ZF-DFE with BPSK
signaling are also compared with the simulation results.
In all the following optimal normalized MC G, in (3.20),
the unitary matrices U and U, are set to the identity ma-
trices. In the following conventional convolutionally coded
ZF-DFE and the TH precoding methods, the rate 1/2 and
constraint length 2 with the optimal df,.c = 5 convolu-
tional code (5,7) is used. The optimal MC in (3.20) is

1.2030
Gopt - < 0.7435 > . (41)

The largest singular value of H(0) is £, = 1.1441 and the
optimal coding gain in (3.21) for the MC coded ZF-DFE is
Yopt = 1.17dB. For the MC in (4.1), the squared free Eu-
clidean distance of the combined MC with the ISI Chan-
nel A is d?ree = 11.58. Thus, the coding gain of the joint
MLSE method is YMLSE = 1.6dB.

In Fig. 3, the BERs vs. E,/Nyp for the conventional
uncoded ZF-DFE are plotted with the solid line marked
by o; the BERs vs. E/Ny for the convolutionally coded
ZF-DFE are plotted with the solid line marked by O; the
BERs vs. Ey/Np for the uncoded TH precoding are plotted
with the solid line marked by A; the BERs vs. Ey/Ny for
the convolutionally coded TH precoding are plotted with
the solid line marked by %; the BERs vs. E,/Ny for the
MC coded ZF-DFE with the above optimal MC code in
(4.1) are plotted by the solid line. The theoretical BERs
vs. Ey/No for uncoded BPSK in the AWGN channel are
plotted with the dashed line. The BERs vs. Ey/Ny of the
joint MLSE for the MC in (4.1) and Channel A are plotted
with the solid line marked by +.
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Figure 3: Performance comparison for different equal-
ization methods: Channel A and MC code rate 1/2.
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