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Abstract In communication systems, the map-

ping between the data space and the signal con-

stellation needs to be carefully designed. The

mapping based on the \Gray" code (or the Kar-

naugh map) is a well known scheme for constella-

tions with uniformly-distributed points. However,

for some systems with an irregular constellation,

like the permutation modulation system and the

parallel combinatory DS/SS commnication system

which, essentially, are multidimensional systems,

the common method of mapping is invalid. In this

paper, we propose a practical algorithm to �nd a

suboptimal mapping for a general constellation.

For a constellation with M points, there are a to-

tal of M ! di�erent mappings. To achieve computa-

tional e�ciency, the algorithm is designed based

on an incomplete search. A comparison of several

mappings shows that very good mappings can be

found by this systematic method.

1 Introduction

In communication systems, the mapping between the data

space and the signal constellation needs to be carefully

designed to achieve low bit error rate (BER). For some

minimum-distance-based detectors, the mapping based on

the \Gray" code (or the Karnaugh map) [1] is a well

known scheme for one- and two-dimensional constella-

tions with uniformly-distributed points within a plane

(like QAM) or, in particular, on a circle (like MPSK). Ac-

tually, for H�MPSK [2] and H�MQAM [3] (where H is

a positive integer referring to multiplicity), the use of the

Gray code is still e�ective. For example, a constellation of

2�MQAM consists of two MQAM complex planes; the in-

put data stream is converted into two parallel substreams,

corresponding to the two complex planes; for each com-

plex plane and corresponding substream, the mapping can

be designed based on the Gray code, independently of the

other complex plane. Note that the above designs are

such that any pair of points separated by the minimum

distance correspond to the minimum Hamming distance

(i.e., one bit di�erence). To guarantee that the use of the

Gray-code-based mapping is good, we need, at least, (1)

that the higher-dimensional constellation can be divided

into one- or two-dimensional uniform subconstellations,

each having 2n points for some integer n, and (2) that

each subconstellation has its own input data substream,

whereby the assignment of its points only depends on its

own input data. However, for any system with an irreg-

ular constellation, such as those mentioned in [4]-[8], the

above method of mapping is invalid, because the two ba-

sic conditions cannot be satis�ed simultaneously. In this

paper, we will develop a practical algorithm to �nd good

mappings for general constellations.

Suppose M is the number of points in the signal con-

stellation, m = log2M is number of bits per symbol, and

the duration of a symbol is T . Our analysis is based on a

low-pass complex equivalent model (shown in Fig. 1) of a

general multidimensional communication system, where,

for a given time interval, say [0; T ); Di; 1 � i �M , is the

ith symbol at the transmitter, and Dî; 1 � î � M is the

corresponding estimated symbol at the receiver.

�(t) = (�1(t); �2(t); �3(t); � � � ; �H(t)) (1)

is a vector of H orthogonal functions, and for any h; h0 =

1; 2; 3; � � � ; H , �h(t) and �h0(t) satisfy

1

T

Z T

0

�h(t)�
�
h0(t)dt =

�
1; h = h0

0; h 6= h0
: (2)

An M �H matrix

Q =

0
BBB@

Q1

Q2

...

QM

1
CCCA (3)

is de�ned as a mapping code with codewords

Qi = (qi1; qi2; qi3; � � � ; qiH); 1 � i �M; (4)

and code elements

qih = �ihexp(j
ih); (5)
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where �ih � 0. The M codewords one-to-one correspond

to the M symbols through the \mapping code encoder",

which equivalently maps the data to the constellation. In

this paper,

Ei[Qi(Q
�
i )
T ] = 1 (6)

is assumed, where Ei[ ] is the expectation over Di (or

i), i = 1; 2; � � � ;M ; and the distance between any pair of

signal points for Di and Di0 is given by

d0(i; i
0) =

vuut HX
h=1

(qih � qi0h)(qih � qi0h)�

=
q
�Qi;i0(�Q

�
i;i0)

T ; (7)

where

�Qi;i0 = Qi �Qi0 : (8)

With the assumption of (6), the average power of trans-

mission signal is P (see Fig. 1). By introducing the map-

ping code, our system becomes su�ciently general so that

any case in [4], [5], [6] and [7] can be considered a spe-

cial case. As shown in some previous literature, constant

weight codes (CWC) are very useful [5][6], and we say

that a mapping code has weight w if every codeword in

this mapping code includes exactly w non-zero elements.

2 Mapping design

In order to introduce the algorithm, consider the follow-

ing. Since the smaller Euclidean distances play a more

important role than the larger ones, we want the small

Hamming distances to correspond to the small Euclidean

distances. In addition, for a constellation with M points,

there are a total of M ! di�erent mappings. Thus, the

computational e�ciency of the algorithm is very impor-

tant. To make the algorithm computationally e�cient,

we turn to an incomplete search, outputting the mapping

step-by-step, which may not result in optimal mappings,

but mappings which nevertheless perform well.

For simplicity, we use the terms \symbol" and \point"

to stand for a data symbol and a signal point in the con-

stellation, respectively. A symbol can be viewed as an

m-bit binary number with value between 0 and M � 1,

and we label those M symbols 1; 2; 3; � � � ;M . Therefore,

for any k; k = 1; 2; 3; � � � ;M=2, the Hamming distance be-

tween symbol k and symbol k+M=2 is always equal to 1.

To label the points in the constellation, �rst partition the

constellation into two subconstellations with M=2 points

in each one, such that the minimum intra-subconstellation

distance is maximum (if partitioning cannot increase the

minimum intra-subconstellation distance, try to make the

occurence of the minimum intra-subconstellation distance

in each subconstellation as rare as possible); then, la-

bel the points 1; 2; 3; � � � ;M=2 in one subconstellation,

and label the points M=2 + 1;M=2 + 2;M=2 + 3; � � � ;M
in the other subconstellation, such that for any given

l; l = 1; 2; 3; � � � ;M=2, point l + M=2 is nearest (in Eu-

clidean distance) to point l. Note that this labelling may

not be unique. For example, two possible labellings for

the same bipolar CWC (BCWC) are shown in Table 1,

where M = 16, qih 2 f0; 1p
2
; �1p

2
g (from (6) ), and \+"

and \-" refer to 1p
2
and �1p

2
, respectively; for each of the

two labellings, the eight pairs of points (1,9), (2,10), � � �,
(8,16) have the smallest distance (i.e., 1) between the two

points in the same pair.

Suppose S is a set of the pairs of points, and S� and

D are a vector of the pairs of points and a vector of pairs

of symbols, respectively. De�ne a reversed pair of points

�s = (y; x), if the original pair of points is s = (x; y).

Also, de�ne the operator \�" to refer to augmenting the

size of a vector by adding an element to the right-hand

side of that vector. For example, if S� = (s1; s2), then

S� � s3 = (s1; s2; s3). Let MATCH(X;Y ) be a metric

that can indicate how well the pairwise symbol vector X

matches with the pairwise point vector Y [9].
Algorithm

Initialization :

S = f (l; l+M=2) j l = 2; 3; 4; � � � ;M=2 g;

S� = (s1); s1 = (1; 1 +M=2);

D = ( (1; 1 +M=2) );

for k = 2 to M=2

for 8 s 2 S compute

MATCH(D � (k; k +M=2);S� � s)

and MATCH(D � (k; k +M=2);S� � �s);

if MATCH(D � (k; k +M=2);S� � s
�);

s
� 2 S; is the maximum

then sk = s
�
;

S� ( S� � sk;

S ( S � fsk; �skg;

end

D ( D � (k; k +M=2);

end

Each k-loop operation corresponds to an incomplete

search, and sets a correspondence between a pair of sym-

bols and a pair of points. After k incomplete searches,

we obtain S� = (s1; s2; � � � ; sM=2), and the relation be-

tween D and S� gives a suboptimal mapping, i.e., the

pair of symbols (k; k +M=2) corresponds to the pair of

points sk, k = 1; 2; 3; � � � ;M=2. A practical version of

the algorithm is provided in [9]. Note that the above la-
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belling and algorithm together guarantee that the M=2

smallest-Hamming-distance pairs of symbols match the

�rstM=2 smallest-Euclidean-distance pairs of points [i.e.,

a symbol pair (k; k +M=2) with the smallest Hamming

distance, 1, always corresponds to a point pair (l; l+M=2)

or (l +M=2; l), where k; l 2 f1; 2; 3; � � � ;M=2g ]. For in-
stance, the mapping given in Table 2 shows that the eight

pairs of symbols (1,9), (2,10), � � �, (8,16) match the eight

pairs of points (1,9), (11,3), � � �, (12,4), respectively.

3 Results and Conclusion

Let us consider two examples.

System 1: The mapping code is a BCWC with H = 4,

w = 2, M = 16 and qih 2 f0; 1p
2
; �1p

2
g. The dimension-

ality of the constellation is 4, and a 4-dimensional (4-D)

point in the constellation can be represented by a vector

of four elements, e.g., (0; 0; 1p
2
; �1p

2
), etc. One can check

that the set of Euclidean distances is f1;
p
2;
p
3; 2g, by

using Equation (7), under the conditions of (6) and an

equally likely data source. Two speci�c labellings for the

same mapping code are shown in Table 1. The subopti-

mal mapping based on the labelling given in Table 1(a)

is shown in Table 2, where the \k's"refer to the labels of

the symbols, the \map(k)'s" refer to the labels of the 4-D

points, and the \map(k)'s" are obtained by running the

algorithm.

System 2: H = w = 1 and M = 16. This is the well-

known two-dimensional constellation of 16-QAM shown

in Fig. 2, where the Gray code mapping is given in [10,

P.209]. From Equation (7), under the conditions of (6)

and an equally likely data source, we �nd that the set

of Euclidean distances is f0.6325, 0.8944, 1.2649,1.4142,
1.7889, 1.8947, 2.0000, 2.2804g. The labelled points and

the corresponding symbols provided by our algorithm are

illustrated in Fig. 3, where the white points represent one

subconstellation and are labelled 1; 2; 3; � � � ;M=2, and the

black points represent another subconstellation and are

labelled M=2 + 1;M=2 + 2;M=2 + 3; � � � ;M .

BER performances are given in Fig. 4 and Fig. 5 for

Systems 1 and 2, respectively. In Fig. 4, the upper

and lower bounds are equal to Ps and Ps=m, respectively,

where Ps is the symbol error rate and m is the number of

bits embeded in each symbol; the average BER is obtained

by averaging over all of M ! mappings [11]; and M1 and

M2 refer to two randomly chosen mappings for System 1.

In Fig. 5, we compare the results of using both the Gray

code and our algorithm for System 2. It can be seen that

the two BER curves overlap, so that for this regular con-

stellation, the proposed mapping technique can yield as

good a result as does the Gray-code mapping.

Although the labelling and mapping are typically not

unique, our study based on a large number of observations

shows that the proposed method works very well.

From the above results, we can conclude that: (1) the

proposed mapping scheme is a systematic and computer-

based method; (2) it is computationally e�cient; the com-

putational load approximates M2

8
for a constellation with

M signal points; (3) it can be applied to any kind of con-

stellation; and (4) very good mappings|even the optimal

result|can be obtained.
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Figure 1: Low-pass complex equivalent model of multidimensional communication system

Table 1. Two examples of labelling for a 16-point constellation

(a)

labels vectors labels vectors labels vectors labels vectors

1 + + 0 0 5 0 0 + + 9 0 + + 0 13 + 0 0 +

2 + �0 0 6 0 0 + � 10 0� + 0 14 + 0 0�
3 � + 0 0 7 0 0� + 11 0 + �0 15 �0 0 +
4 � �0 0 8 0 0� � 12 0� �0 16 �0 0�

(b)

labels vectors labels vectors labels vectors labels vectors

1 + + 0 0 5 0 + + 0 9 + 0 0 + 13 0 0 + +

2 + �0 0 6 0� + 0 10 + 0 0� 14 0 0 + �
3 � + 0 0 7 0 + �0 11 �0 0 + 15 0 0� +

4 � �0 0 8 0� �0 12 �0 0� 16 0 0� �

Table 2. Suboptimal mapping of System 1 (dE0 = 1, dET = 1:5, dHT = 3, with labelling given in Table 1(a) )

symbols points symbols points symbols points symbols points

k map(k) k map(k) k map(k) k map(k)

1 1 5 14 9 9 13 6

2 11 6 8 10 3 14 16

3 13 7 2 11 5 15 10

4 7 8 12 12 15 16 4

4
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Figure 2: 16-QASK constellation and the Gray code

mapping
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Figure 3: Labelled points and the corresponding data

symbols resulting from the algorithm for the 16-QAM

constellation
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Figure 4: Pb vs. Eb=N0 for the mappings of System 1

2 3 4 5 6 7 8 9 10 11 12
10

−4

10
−3

10
−2

10
−1

P
b

Eb/No (dB)

Gray code mapping 
suboptimal mapping

Figure 5: Pb vs. Eb=N0, resulting from using both the

Gray code and the algorithm for System 2
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