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ABSTRACT

This paper addresses u method of fractal rrr,odu-
lation foT digital communications sy.stem.s. The
method has been developed foT use in cases whten
a bit stream nteeds to be ‘hidden’ in transmis-
sion noise and can be used in addition to] or in
place of a spread spectrum. This is achieved b:y

embedding the i~~fomnaiion in data whose pT-op-

erties and chawcteristics ~ese’mble iho.sc of the

backg~ound noise of U,transmission sy~tem. The
method is [3ased on (L mndom scaling fracixLl

model.

INTRODUCTION

The application of fractal geometry for moclelling
naturally occurring signals and images is well

known (e.g. [1], [2]). This is clue to the fact
that the ‘statistics’ ancl spectral cllarzl.f:terist,ics
of Ranclom Scaling Fra,cta,ls (P\.SFs) are consis-

tent wi-th many o13jects found in uatll~e: a chara-
cteristic which is compounded in the tepm “sta-
tistical self~afinity’. This terlm refers to ranclom
processes which ha~~esimilar Probability D[2nsit~-
Function (PDFs ) at clifferent scales. .+ R,SF sig-

nal is one m:hme P D F remains the same irrespec-
tive of the scale OTYZwhich the signal is sam-
pkcl. .As we zoom iuto ~~.RSF sigllzd. although
the patteru of’ the sigual ( i.c;. its time signature )
Cllallges . the PDF of th~ signal reumins the same
(a scaled down v<-lsiou (d’ th(-’ origiutd). !VIanJ-
noise types fomld iu mrure are statis ticall~- self-
afine inducting a wi(le ~~ariety of’ transmission

noise.

The purpose of Fractal Moclulaticm is to try ancl

make a bit stream “look lilie~ transmission nc)ise.
The problem is as follows: Given an arbitrary bi-
nary cocle, convert it into a RSF signal by nKd-
ulating the fractal dimension of the RSF in such
a way that the original binary code can be re-
covered in the presence of aclditive noise with
minimal bit errors. The additional criteria that
have been considered with regard to solving this

problem are as follows: (i) The algorithm must
produce a signal whose characteristics are comp-
atible with a wick range of transmission noise;
(ii) the algorithm must be invertable aucl robust
in the presence of’ genuine transmission noise
(with low Sigllal-t(.)-Nc~ise Ratios ): (iii ) the alg-
orithm shoulcl icleally make use of conventional
DSP tec.hnolc>gy. e.g. cligital spectrum generation
(FFT filters). real-time cm-relators (FIR filters).

TRANSMISSION NOISE MODEL

There are two main criteria used to cidille the
characteristics of a, noise fielcl: (i ) The Prol-Jal>il-
ity- Density Function (PDF ) - the shape or em
velope of the clistribution of amplitudes of the
fielcl; (ii) The Power Spectral Density Functifm
(PSDF ) of the noise - the shape or envelope of
the po~ver spectrum. On the basis of these cri-

teria. many uoiw fklcls have tw( ) funclarnent al

properties: (i) ‘Tll( PSDF is clete~minecl by ir-
rational pow(-r lilws: (ii j The field is st.atisti(”al
self- affine. T\Yc)~~l~l>r(’)tlc’~1(-’sare 11 S1.1:+Ily adcq.)tx?d
in ckveloping a st()chast,ic moclel. ‘r’lle fil’st is
bawd OH nloclellillg th~~PDF of thr system (01
the C’haracterist i~.Functi( )n ).

I
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.~ ]M?LldO RUICh )111Iltlld)(-’l’generator is then cle-
sigllecl tO silllul~ltf->the stochastic field. The SCC-

oncl approach is basecl ou moclelling the PSDF.
The stochastic field is then simulated by filter-

ing white noise according to the PSDF moclel.

In this paper, we consicler the latter approach.
Note that a ‘good’ stochastic model is one that

accurately predicts both the PDF and the PSDF
of the clata.. It is also one which takes into ac-
count the fact that a stochastic fielcl may be non-
stat ionary.
Consicler the following non-stationary fractional
differential equation

writ ten in the fo~nl

where [T(x, w ) ancl N (~’) are the Fourier tra,ns-

forms of’ U(z, t) and n(i) respectively and Q; =
–(~tiT)’/ In obtaining this ~esult, we have de-
fkecl a fractional partial derivative as follows:

where O ~ q(t) ~ 2 Vt. ~ is a. positive constant
a,ncl f’ is some Stjot.hasti(” source func tion which
will he ccmsickrecl later. He~e, ll(~rl-stllti(~llzlrity-
is introduced th~ough tl-le use of a time varying
fractional clerivatile which changes the physical

meaning of the equation. This is clifferent to
conventional non-stationary rnoclelling in which
changes in the stochastic l>ehaviour of u ale in-
tmclucecl via the source function f. Tlw -paranl-
eter q is the “Fourier Dimension’ which is related
to the F~actal (or Similarity) Dimensi(m D for
a signal by [2] D = q+ ~. 1 < D < 2. Frac-
tal modulation can now ~e defined in terms of

q(t) (or D(t)). It is a process whereby q(t) is as-
signecl two states, qu ancl ql where go # ql. These
states correspond tc) O ancl 1 in a bit stream re-
spectively. The fomwrcl problem (fract al modul-
ation ) is then definecl in terms of ecluation (1)
(for fixecl .U) as ‘gi~-ml Q(t) compl~te u(t)’ aud the
inverse problem (frac tal clemoclulat i(m ) is clefinecl
as “given U(t) compute q( t )‘. 111this paper: we

sol~-e the forwarcl problem usiug a C~reen function
met hocl. consick au asymp t<)tic fornl to simplify
the solution and then discretize the result. The
inverse problem is then ckivecl and solvecl in clis-
crete form directl~-.
~i~e slmll considev a solution for cwustilnt, q (col-
responclillg to s~ates q, or q I ) and separtl 1)1(’f. In
partlitldar, let .j’(lr. t ) = b(,c )/7(/) ll-ll(re A is the
clt:ltil fuuctjiml an(l r~i~ (zer(km(-’:ul ) lvllit(~ G:llls-
sian noise. For const, ant q. equation ( 1 ) call be

Fc)r the purpc)se of cleveloping a tralismissi(.m
noise moclel, we shall now concentrate on the be-
haviour of u as a function of tinw. Using a Green
function methocl [3] to solve ecpl,ion (2) we can
derive the asymptotic pesult (ignoring scaling)

Fourier -Laplace inversion then gives (using the
con~~olution thec)reul [4] arlcl ignoring scalilig )

where C! clenotes (causal) convoluticm. Nc)te
that u has the following fundamental property:

Z\qPr[UA(t)] = Pr[u(/\t)] where u~(t) = tt~/2j-i I,.{,
72(,\t), A > 0 ancl Pr[.] clenotes the PDF. This
property clesmibes tl-le statistical self-affinity of’
‘u.

The cligit al algorithm fo~ computing a cliscwt.e
noise field u ~ which is based on this model is
as follows: (i) Compute a pseuclo ranclom ar-

ray )2~,k = O,1,....JV — 1 whcm spectrum is
white; (ii ) ~c)nlpute the Discrete Fourier Trans-

form ( DFT ) of n~ ~i~ing l-k wsilig a Ftast,Fourier
T~ansform (FFT); (iii) Filter ]!k with 1/( iw~.)~12:
(iv ) Invepse DFT the lesult using W] FFT to give
‘u~

INVERSE SOLUTION

Given the digital al$f)rithm clescribecl abow, the

inl~ersr pl c)blem (“an 13(scl(efiuecl thlls: Given u A.
compute q. .i sl~it:hle approach to solving this
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‘ problem: which is at least cuusistwt with t,llc’ ;il-
goujthnl givcllin the lastsectit)n is to estim;~.tf’ q

from t!l”lepower spectrum of (/,~ whose exp(!c’wcl

form (considering the positive half space only and
excluding the DC term in which a singularityy oc-,.
curs) isF’~ = lb~q; k = 1,2, ..., (N/2)– 1 where
.4 is a constant,. Here, we assume that the FFT
provicles data in ‘stanclarcl form’ and that the DC

or zero frec~uency compcment occurs at k = O.
Now consider the error fuuction

e(.+ q) = [IIILPA.– lni’kll~

where Pk is the power spectrum of u ~. Solving

the actuations (least squares methocl ) * = O ancl

~ = (Jgives

N-~(lll P~)(hlbJ~) – (~hlwk)(~hlpk)

ancl

The algc)rithn~ mquirecl ~uimplement this inverse
solution is as follows: ( i ) Compute the power
spectrum Pk of’ the fkc tal noise uk using an
FFT; (ii) Extract, tl-le positive half space data
(excluding the DC term): (iii) Compute q using

the formula above. ‘This algorithm provicles a re-

construction for q (or alternatively D = q – ~ )
which is on average accurate to 2 decilmal places
for N ~ 64 [2].

- FRACTAL MODULATION

The methocl of’ frac tal modulat iou iuvol~’es gynm-
ating fractal signals in Which tlv<)frwtul dimcvl-
sions am Llseclto clifferentiate between O WIC11 in
a bit stream. Note that the fractal climension is
given by D = q + 0.5 ancl for 13SF signals has a
value between 1 ancl 2. The techni(lue, is out linecl

as follows: (i) For a given bit stream. allocate .D(J
to bit=O ancl DI to bit=l: (ii) C(mlpuk a fractal
signal of lell,gth -?- f()r each bit in t11(’stream: (iii)

Collctl.t(-lltltt’ thr I(sldts to pro~lllce a contiguous

StKalll of frac:ta] noise u~.. One can increase the
t,ota1 nundxw of samples by increasing the value

of’ IV (the number of samples per fractal ) ancl/or
increasing the mm~ber of fract als per bit. The
information retrieval problem or fractal clemod-
ula,tion is solved by computing the fractal climen-
sions T~iil the Power Spectrum Metlmcl cliscussecl
in the last section and using a conventional mov-
ing winclow to provicle the fractal dimension sig-
nature D]. The size of the window is taken to be

equal to the number of samples per fractal. The
binary secluence is then obtained from the fol-
lowing algorithm: If D] < A then bit=O, else bit
=1 where A = DQ + ;( DI – DO). The principal
criteria for the opt imizat ion of this modulation
techniclue is to minimize D I – D,, sul~ject to a.c-

curafte recomstmctions for D,j ill the presence of
(real) transmission noise.

The software clmeloped to investigate this mod-
ulation techniclue has been written with options
on: (i ) Samples per bit, - number of samples usecl
tc) ccmlpute a fractal signal: (ii) Fractals per bit

number of fractd signak used to represent one
bit: (iii ) D“ - fractal climension for bit =(): (iv)
DI - f~actal climension for bit =1: (v) .+cldition of
transmission noise before reconstruct ion.

.An example of a fractal modulated signal is gi~en
in Figure 1 in which the binary code 0 ....1 ....0....
has been considered in orcler to illustrate the ba-
sic principle. This figure shows the original bi-
nary cocle (top winchxv ) the fract al signal (micl-
clle window) ancl the ikctal climensions signature

D,, (lower window - clottecl line) using 1 fractal
per bit, 64 sampk per fract al fc)r D() = 1.6 ancl
DI = 1.9, ‘The lecollstructecl cock is superim-

posed on the origiml ccode ( top wincl( nv - dot, ted
line ) and the origiua 1 and estimt~tecl c(de is clis-

playecl cm the right hand side. Note that, there is
a single error in the estimated cocle. By increasi-
ng the munber of f~tlctak pm bit so that the bit
stream is represented by an increased number of
samples; greater accLwacy can be achieved. In
Figure 1, the clifkrellce in texture associated with
o aIld 1 is clear bec:aLlse (DO, D1 ) = ( 1.1.1.9).BY
r-eclucing ( .D1 — D2 ) this difference Im”(mes neg-
ligible.
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EXAMl>LE RESULT’S

.k cletaild desf:uipt,it)11of’ the results we beyond

the sc{~pe of’ this p;llwu but a sh(mt descril~ti(m of
the approachzmd tlie overall trends are given. In

orcler to obtain a qu:mt,i tat,ive picture of’ the accu-

racy of fractal clemoclulation subject to changes
in the fractal generating parameters and additive
noise. a bit stream of’ 1000 ranclomly choseu bits
was usecl. The average number of errors (for 64

sampies ancl tkm 128 samples) were comparecl
with the number of ‘Fractals per bit’ nucl noise-

to-signal ratio for different Do and D1. The noise
nk aclclecl to the RSJ? signal uk was white Ciaus-
sian noise and the noise-to-signal ratio or “Y( )ise’
clefinecl in terms of the ratio II~~kII~,/ IIr~kII,X. Fig-
ure 2 provicles some example surface plots show-
ing the number of bit errors as a function of the

number of fractals peu bit ancl the noise, for frac-

tals signals coml)utecl usiug 64 sanll)les ancl dif-

ferent (Do, D, ). .+s expected. the results show
that a combiua Lion of’ wide intervals between the
two fract al climellsit )ns Ivith :1 large number of
fractals per bit achieve~ greater accuracy, For
example: the Kesult,s for DO = 1.6 and ~1 = 1.9

achieves less than 3(X bit error for 7 or more frac-
tals pe~ bit at 64 samples per fracta.1 with 15?%

(i.e. 0.15 ) noise. In gene~al, the bit error is less

if’ A is larger.

CONCLUSIONS

Fractal modulation is a teclmicllle whi(.11 at-
tempts to embed a bit, stream in fract:il noise
by modulating the fractal climeusion. .As ex-
pected, the error associated with recovering the
bit stream is critically clepenclent on the SFJR.

‘The recf)llstrl~ct.i(:)ll algorithm provicks relatively
low errol rates with a relatively high level of

noise. provicked the cliffmence in frac ta1 dimen-

sion is not to( ) sma 11an(l that mauy fractla.ls per
bit are used. Ill au] i}l~ljlic~lti(-)11.th(- param-
eter settings lv(}{dd h:lvr to ol)timize(l with re-
spect to :1 gi~-(w tu:lllsllli.s.~i(jll<~ll~-il(.)l~llli~llt.The
technique could ~~()~li~vitll lowrr SIJRs if’ o)llpled
with a suitablt-’ iuf’erencc eugine.

The sl~ccess of tll(- technique (with regarcl to its
co~-eut intent) (leptmck on the aljljr(31>riate11(?ssof

the tr:ulsmissioll Iioise model llsed to elulxxl a 1)it

strmm. h this p;i,per we ha~~eLIS(X1a u~t](lel (wm-

pOLUlded in (?CILliJtiOll(1 ) W_hiCh hXLC\S k) a PSDF

of the type w–g. This power law is consistent
wit h Statistically- self- affine noise bu t is not, ide-

ally suited to all noise. .4nother possible PSDF

is [5] I L7(u’) 12= .4u2~(ti~ + W2)–q where q ancl g
are positive (floating point) numbers and A is a
constant. This P SDF represents a more general
and possibly, a more versatile model. It is corL-

sistent with a wider range of noise than the one

considered here but, it also poses a significantly
more difficult inverse problem [6]. Anot,her possi-

ble extension to the fractal modulation technique
considered in this paper is to choose a larger
number of states q,l,~n = 1~2,... representing a
(renormalisecl ) run length cocle for example.
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