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Abstract

In this paper, we propose and analyze a method of of
estimating the angle of arrival of the dominant com-
ponent of a signal. Our approach is based on solv-
ing a class of optimization problems involving the mo-
ments of the directional power variance. This method
contains as a special case the power variance method.
Simulations are used to illustrate our approach. Gen-
eralizations of the method are also discussed.

1 Introduction

In this paper, we use a class of functionals related to
the moments of the directional power variance to study
the angle of arrival of the dominant component of a
signal from an antenna array.

We model the received signal as a sum of transmit-
ted signals and background noise by

r= 81U+ -+ Spim + W,

where the signals s1,...,Sr are unknown real or
complex valued random variables, the directions
U1,...,Un are fixed unit vectors in R™ or C", and
the background noise w € RR™ or C" is a random

We denote the variances of sy,...,8, by
0?,...,02 and assume that 6 > - > o7,. The prob-
lem is to estimate u;. We assume that the number of

variable.
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distinguishable signals is less than the number of an-
tenna elements, that is, m < n. I the density of s;
is symmetric, which is generally the case, then syu;
and —s;u; have the same distribution, and so u; and
—uy cannot be distinguished from the received signal
alone. Therefore we will only attempt to estimate u;
up to an 180° ambiguity.

2 The General Power Variance
Method

The General Power Variance method uses a class of
functionals, representing the performance measure,
that contains the power variance measure proposed
in [2] as a special case. The performance measures
are indexed by p, 1 < p < co. We will show that for
the case with two dominant signals, the direction that
minimizes the measure for p = oo is ezactly orthogo-
nal to the dominant signal direction. We will also give
results that indicate that as p — oo, the p-measure ap-
proximates the oo-measure. The theoretical analysis
of the performance of this method is complicated and
the analytical results incomplete for 1 < p < co. Sim-
ulations show that the method works well for p > 4.
This approach should be analyzed further.
Let

X, = [E(X P = </Q |X(w)|”du(w)>l/p




for 1 < p < o0, and for p = oo,
X lloo = sup [ X(w)].
wEN

The following is well-known (see, for example, [3]):
Theorem 2.1 For any random variable X,
(i) if 1 < p < g < oo, then [ X]lp < || Xlg, and
(%) timp—co || X |lp = || X ||o-

The idea behind the original power variance method
is that if we minimize the power variance of the re-
ceived signal over all directions, the directions that
give the minimum should be almost orthogonal to the
dominant signal. More precisely, for each z € €7,
lz|| = 1, form the random variable

X, (w) = |2*r(w)[* — E(]z"r[?),

where r is the received signal. It is suggested in [1]
and [2] that the solution of

min || X.||2
iz, 1

= Ilrznllifl (E [(lz*r|2 — E(IZ*r|2))2D1/2

should point in a direction that is almost orthogonal
to the direction of the dominant signal. The claim is
motivated by physical considerations ([1]) and is sup-
ported by simulation results. Motivated by the posi-
tive results reported there, we are led to consider

min [| X,
min 1]

(2]

for 1 < p < oo and

= min

* * /
min (B {[lrl? - B[ ])

in ||X
i, [1Xzloo

= min

min max [12*r(w)[* = E(lz"rl?)

max
w

for p = co. For 1 < p < o0, let M, be the set of
solutions of the minimization problem. That is, for
1<p< oo,

{we €":|jw|| = 1}
N {lIXuwll, = lmin 1 Xz1lp}-

|zlj=1

M, =

Note that by the compactness of {||z|| = 1}, M, is
nonempty and that the minimization problem for p
has a unique solution precisely when M, is a single-
ton set. In general, the minimization problems have
unique solutions. Clearly, if 2 is a solution then —z is
also a solution and so there cannot be a unique solu-
tion in the usual sense. We use “unique” in a sense
consistent with our assumption that we do not distin-
guish the vectors z and —z when discussing directions.
Since for any random variable X,

1X1lp = 11X [loo

we expect that if z, € M, and 2, — 2z, then 2z €
M. Indeed, it is shown in [4] that this is true for the
two dominant signals case. Therefore, the estimates
that we obtain for large p’s approximate solutions for
p = oo. In the next section, we show that for the two
dominant signal case, the solution for the minimization
problem when p = oo is orthogonal to the direction of
a signal under mild assumptions.

3 The Two Signal Case for p = ©

We now analyze the the performance of the power vari-
ance method for the p = oo case. Under mild assump-
tions, we show that for the special case of two signals,
the solution of the minimization problem is orthogonal
to the direction of a signal. In this section, we assume
that

1. r = syuy+82uz, where uq, ug are independent unit
vectors;

2. 81,82 have continuous density functions with sup-
port [—ky, kq] and [k, ko), respectively.

Under these assumptions, we have
Theorem 3.1 If k? > 20%, for j = 1,2, then

My =
{uj‘ : k?- -0 < min(k? — o3, k3 - og)}.

Proof: See [4].
Remark 3.1 For example, it follows from the theo-

rem that if k2 — 02 < k¥ — o2, then the unique solution
to inf“z”=1 X:|leo %8 u%‘




What random variables satisfy the hypothesis of the
Theorem? It is not hard to show that if s is a real ran-
dom variable with continuous unimodal density func-
tion with support [—k,k], then k% > 302. In par-
ticular, this is true for the uniform density function.
It can also be shown that if we consider the sinusoid
s = ksin(2r ft) as a random variable, then k% = 202

From the Theorem, we have the following corollary,

Corollary 3.2 For i = 1,2, let 81,32 be uniformly
distributed on [—k;, k;]. Let r = syuy + squz, where
uy, g are independent unit vectors. If ky > ki, then
the unique solution of inf);)=1 || Xz|loo is ug.

The theorem also applies to sinusoidal signals as fol-
lows. We can consider without loss of generality a si-
nusoid to have the form

s(t) = ksin(2r ft).

The signal s(t) can be consider as a random variable
on the interval [k, k]. Clearly s(¢) has zero mean and
its variance, or power, can be computed:

1 T
ot = Tll-»n;oé_fl—“/_q" k%sin%(2n ft) dt
— &2 lim 1 1 (E_ sintcost)z"fT
T—eo 2T 270 f \2 2 —2xfT
k2
= —2—,

The hypothesis of the theorem is satisfied.

Before proceeding further, we give an example to
show that some restriction must be imposed on the
density function for the results of this section to hold.
Let s; take the values —k; and k; with equal probability
and let r = syuy + spug. The covariance matrix is

C = Euyu} + k3ugus.
It can be shown that
| Xz]|loo = 2°C2
and so

inf || X,llee = inf 2*Cz = Aiin,
(=1 1 X || oo 141 min

with the solution in the direction of the eigenvector
corresponding to Ay, This eigenvector is orthogonal

to the dominant eigenvector, which is in general not in
the direction of the dominant signal. We see that for
this class of signals, the power variance method for p =
oo is basically equivalent to the Signal Separator. By
using a continuous approximation to the above discrete
density, we see that there are continuous densities for
which the above results do no apply.

The next theorem shows that we can use the solu-
tions of the minimization problems for p < oc to ap-
proximate the true direction. Simulations show that
p =4 and p = 8 are sufficient in many cases.

Theorem 3.3 Assume the hypothesis of Theorem 3.1.
Let z, be a solution of inf),=1 || X;|lp for each 1 <
p < oo. Then all cluster points of the sequence
{2p} are solutions of inf,=1 || X:lleo- In particu-
lar, if inf)|;)|=1 || Xzlleo has a unique solution z.,, then

Zp = Zoo-

Proof: See [4].

4 Simulations

In this section, we illustrate our approach with com-
puter simulations results. We use a model of the re-
ceived signal of the form

T = S1u1 + S2U3

where s;, 3, are symmetric uniformly distributed and
u1, g are unit vectors with u; in the direction of 0°
and wug at 45°. For all the simulations, s; is uniform
on the interval [—k, k], where k is a parameter, and s,
is uniform on the interval [-2,2]. We have

2

k2
alzgandagzg.

and

2 2

k2+2 2
3 3 )

k? 4 1
C= —uluI + §u2u§ = = (

For the power variance method, we use k£ =
2.5,3,4,6 and p = 2,4,8,00. For each trial run, we
generate 100 sample points of the received signal us-
ing the given distributions of s; and s; and numerically
find the solution 2, for each p. For the simulation, 100
runs are used. The 100 direction estimates obtained




[p\B,(dB) ] 1.9 ] 35 [6.0]9.5]
2 88 [ 5.5 [2.8[1.2
4 43 | 27 ]13]06
8 22 | 1.4 [0.7]0.2
00 1.2 ] 08 [03]0.2
S.S. 16.3 | 12.0 | 7.0 | 3.2

Table 1: Dominant Direction Estimation FErrors-
Uniform Signals

for each p from the trials are averaged to give an esti-
mate of an orthogonal direction of %;. The estimates
for the direction of u; are obtained by subtracting 90°
from the orthogonal estimates. We also estimate the
direction of u; using the dominant eigenvector for the
same values of k. The estimates we obtained using
the dominant eigenvectors are computed exactly and
are the values we would obtain if we had averaged the
estimates of a large number of trials each using an
estimate of the covariance matrix C' computed from
data samples. The results obtained are summarized
in Table 1. The entries in the first row are the val-
ues of 8, = o%/o? in dB’s for k = 2.5,3,4,6 and the
entries in the first column are the values of p. The es-
timates obtained using the Signal Separator are in the
last row. Other than the first row and first column,
the entries are in degrees. Since the true direction is
0°, the estimates are also the estimation errors. It is
clear from Table 1 that, for uniformly distributed sig-
nals, the power variance method performs much better
than the Signal Separator.

5 Generalizations
In the Power Variance method, the p-norm of
X (w) = |2*r(w)[? - E(J2"r[*)
is considered. We can also use the functions
Yo(w) = 2" r(w)[*.

The only difference between X, and Y, is that the
E(|z*r|?) term has been dropped. Under less stringent
conditions, results similar to those in the previous sec-
tion can be derived (see [4]). For the two dominant
signal case, we have the following theorems.

| P\B-(dB) | 1.9 | 35 [6.0]95]

2 13.2 | 85 {4719
4 9.0 | 52 |29 1.1
8 56 | 3.2 | 1.7] 0.7
oo 29 [ 1.6 {09]0.3
S.S. 16.3 1120 7.0 | 3.2

Table 2: Dominant Direction Estimation FErrors-
Uniform Signals

Theorem 5.1 If ky > kg, then the solution of
inf) =1 |Yzlleo is ut. If ky = kg, then ui,us are
the solutions.

Theorem 5.2 If ky > ky, then the solutions of
inf||;j=1 || Yzllp converge to ui as p — .

Simulations show that this approach gives estimates
comparable to those given by the Power Variance
method. The results, obtained by using the same pa-
rameters as in the Power Variance case, are summa-
rized in Table 2. The true direction is 0°. The sim-
ulations show what we expect from the theory. The
estimates for the p = oo case are close to the true di-
rection for all the &;’s used and the accuracy improves
with increasing p. In all cases, the estimates are bet-
ter than the signal separator estimates. A comparison
of the results of this method with the power variance
method shows that the power variance method is more
accurate for simulations with the same parameters.
However, this method gives the exact theoretical or-
thogonal to the dominant signal direction when p = oo
for all bounded signals.

Another approach is to use the solutions of

[E (i~ 12r2)]"

This is equivalent to the Signal Separator when p = 1.
If the individual signals are bounded and independent,
the locus of the received signal is a parallelepiped. It
can be shown that for p = >

min
[lzll=1

min, max (@) - 1))

is in the direction of the median along the longest side
of the parallelepiped. In general, the median along




[pP\Bs(dB) || 1.9 | 3.5 [ 6.0]9.5]

2 12.7 | 86 | 46| 1.8
4 82 | 54 |27]|1.0
8 48 | 3.3 |16 |0.5
o0 22 716 {0.7]0.1
S.S. 16.1 1120 7.1 | 3.0

Table 3: Dominant Direction Estimation Errors-
Uniform Signals

the longest side of the parallelepiped corresponds to
the direction of the dominant signal. As in the case
of the power variance method, the solution for p = oo
is exact and the solutions for the finite p’s tend to the
correct direction as p — oo.

We illustrate this method with simulations.
results are summarized in Table 3.

The

6 Conclusions

In this paper, we gave three similar methods for es-
timating the angle of arrival of the dominant signal.
The General Power Variance method is motivated by
the Power Variance method of Bond and Schmidt and
contains it as a special case. The second method is ob-
tained by changing the terms of the functionals used
in the General Power Variance method, and the third
method is motivated by geometric considerations. All
three methods use the solutions of optimization prob-
lems as the estimates. It is shown that the solutions
of the optimization problem give the exact directions
in special cases. The methods are illustrated by simu-
lations.
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