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ABSTRACT

The presented scheme evaluates the periodic autocorrela-
tion function for p-ary m-sequences and differ to the known
schemes with respect to its simplicity and low computation
afford. The approach to the presented scheme is from a
heuristic nature. As examples the periodic autocorrelation
Junction for ternery and quinary m-segquences are calcu-
lated.

INTRODUCTION

In the introduction we briefly review [1], 2], [3], [5] the
properties of p-ary m-sequences, with p a prime number
and focus on the evaluation of the periodic autocorrelation
function in the next section.

A. Length of a p-ary m-Sequence

The sequence-elements of an p-ary m-sequence are the
elements of the galois-field GF (p). The maximum achiev-
able sequence-length or period is L, = p” — 1. Generating
a sequence of this length with a shift register generator
means that the generator subsequently passes all possible
states except the all zero state.

Ly=p -1 (1)

B. Balance Property of the p-ary m-sequence

The ocurrence of the zero-element in an p-ary m-
sequence is Sp =p" 1 —-1= %(L,J + 1) — 1, and the other

elements appear with S§; = p™~! = %(Lp + 1). It is notice-
able that the zero-element appear once less than the other
elements.
C. Cyclic Shift of p-ary m-Sequences

According to binary m-sequences, there are L, =p" — 1
cyclic shifts possible with p-ary m-sequences.
D. Schift and Add Property of p-ary m-Sequences

The shift- and add property of a binary m-sequence
translates to a shift- and subtract property for a p-ary m-
sequence.
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E. Runbalance of a p-ary m-Sequence

The runbalance property is not simply convertable to
p-ary m-seqeunces, because p-ary m-sequences break into
p — 1 sub-sequences of equal length.

F. Periodic Autocorrelation Function of p-ary m-

Sequences

The properties of the periodic autocorrelation function
(PACF) of binary m-sequences are not directly mapable to
p-ary m-sequences because of the well known decomposi-
tion [5] of p-ary m-sequences into p — 1 sub-sequences of
length:

r_
Lya = L, p 1

==t @)

The decomposition into sub-sequences has a major influ-
ence on the PACF, and makes the derivative of the PACF
more complex.

EVALUATION OF THE PERIODIC
AUTOCORRELATION FUNCTION OF P-ARY
M-SEQUENCES

G. Unipolar Sequences

To verify the derivative of the PACF the ternery and
quinary m-sequences in example 1.1 and 1.2 are used.

EXAMPLE 1.1 (TERNERY m-SEQUENCE) The ternery m-
sequence [3] is derived from the primitive polynomial
f(z) = z° + 2z + 1. The length of the sequence is L, = 26.
(L, =26,p=3,r=3.)
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a(n) =

3)

The length of the sub-sequences in (3) are derived with
(2) to Ly, = 13.

EXAMPLE 1.2 (QUINARY m-SEQUENCE) The quinary m-
sequence [3] is derived from the primitive polynomial
f(z) = 22 + = + 2. The length of the sequence is L, = 24.
(Lp=24,p=35,r=2.)
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a(n) =
4)

The length of the sub-sequences in (4) are derived with
(2) to Ly, = 6.

The examples show, that in the periode L, of the p-ary
m-sequence ordered pairs of [a(n),d(n+ k)] for 0<n < L,
occure, with frequencies depicted in Tab.1. The frequencies
of the ordered pairs are termed pair-frequencies.

DEFINITION 1.1 (LINEAR DEPENDENCY) FEquation (5)
indicates the linear dependence as it shows that the sub-
sequences are related in the following way: The primitive
element is taken to the power of t and multiplied (mod p)
with each element of the finite field. The zero-elemeni
maps always to the zero-element.

(5)

a(n+k)=put-a(n)

k Z 0 (mod Lpy)

The occurrence of the pair [0,0] in the sequence
is (p"~2 — 1). All other pairs occure with
frequency p" 2.

k=0 (mod Lpu),k Z 0 (mod L)

Applying (5) with u a primitive element of
GF (p) and ¢, dependent on the chosen
sub-sequence is a natural number in the range
of1<t<p-—2.

In this case the occurrence of the pair [0, 0] is
exactly (p”~! — 1) and all other pairs
[a(n), p* - a(n)] of non-vanishing elements
appear with frequency p™ 1.

Table 1. Pair-Frequencies [a(n), #¢ - a(n)] in a p-ary m-Sequence.

EXAMPLE 1.3 (LINEAR DEPENDENCE) The derivative of
the linear dependence of the sub-sequences in example 1.1
are depicted in (6) and (7). The smalest primitive element
it in GF (3) is the element 2.

Lu=13,p=3,te{l,...,p-2} —t=1

1.pl=1.2=2
2-ul=2-2=4=1 (mod 3)

(1—2)
2~1)

(6)
(7)
Example 1.3 shows, that each ternery m-sequence breaks

up into two linear dependent sub-sequences of length 13.
The linear dependence is given with the following mapping:

(1 - 2)“=2
2 = 1),

(8)

EXAMPLE 1.4 (LINEAR DEPENDENCE) The linear depen-
dence of the sub-sequences in example 1.2 are derived with
the smalest primitive element u = 2 in GF (5).

Lpw=6,p=5te{l,...,p—2} —¢t=1,2,3.

t=1
Derivative Mapping
1-p'=2 (mod5) | (1~ 2)
2-p'=4 (mod5) | (2 4)
3-p' =1 (mod5) | (31)
4-p' =3 (mod 5) | (4+3)
t =
Derivative Mapping
1-4*=4 (mod5) | (1~ 4)
2-u2=3 (mod5) | (2~ 3)
3.-42=2 (mod5) | (3+2)
4-42=1 (mod5) | (4 1)
t=3
Derivative Mapping
1-p°=3 (mod 5) | (1 3)
2-u351 (mod5) | (2 1)
3-4°=4 (mod5) | (3 4)
4-p3=2 (mod5) | (4 2)

Table 2. Linear dependence of the sub-sequences of the quinary m-
Sequence in example 1.2.

Example 1.4 shows that each ginary m-sequence break
into four linear dependent sub-sequences with periode
Ly, = 6. The linear dependence of the sub-sequences are
listed in (9).

1 = A2/ = N1 5 3\

2 » 4 2 - 3 2 » 1

3 » 1 3 » 2 3 - 4 )
4+—>3t=1 4 lt=2 4 - 2t=3

Each mapping is related with the help of parameter ¢ to
his own sub-sequence. The condition (5) defined in Def.1.1
holds also for k =1- Ly, with ! € {1,...,p— 1}. Owing to
this we get Tab.3 for the chosen quinary m-sequence.

Tab.3 shows that the second sub-sequence is linear de-
pendent to the first sub-sequence with ¢ = 3 and the third
sub-sequence is linear dependent to the first sub-sequence
with ¢ = 2 and the forth sub-sequence is linear dependent
to the first sub-sequence with ¢t = 1.

In general the mapping, maps each element «; of a cyclic
group GF* (p) as an individual of an arbitrary galois-field
GF (p) injective on an element of the same group (iso-
morph mapping).

With the help of this heuristic mapping approach we
define a mapping product in Def.1.2.



n=1k=L,
a(n+ k) = u* - a(n)
a(1+6) = p' - a(1)
3=yl -15t=3
n=1k=2-L;,
a(n + k) = p* - a(n)
a(l+2-6) =pt-a(l)
d=put-1t=2
n=1,k=3 Ly,
a(n+k)=p’-a(n)
a(l+3-6) =p*-a(1)
2=pt-1ot=

Table 3. Linear Dependency for the sub-sequences of the chosen m-
sequence in example 1.2,

DEFINITION 1.2 (MAPPING PRODUCT) The two columns
of the mapping are treated as vectors. With these two vec-
tors a mapping product I'(u,t) can be defined in the sense
of the inner product of two vectors.

oa;—»ajwith:i=j5€{l,...,p—1};a5,a; € GF* (p)
I(p,t) = a; c

When we divide the mapping product by p — 1, we refere to
this as normalized mapping product.

1
F([_l., tap) = pTl ' F(""! t)

ExaMPLE 1.5 (MAPPING PRODUCT FOR EXAMPLE 1.1)

- (). ) -

'(2,1,3) =2

Ty, t)
T'(u,t,p) (10)

EXAMPLE 1.6 (MAPPING PRODUCT FOR EXAMPLE 1.2)

1\ /2
1 (2\ (4\ 25
FZL5) = 3-13f{ [1|=7
\1) \3)
( 1\ (4\
re25 = %-g -g =? (11)
\1/ \1/
1 (;\ ?\ 25
F@3% = 3-13] (4|77
\4/ \2/

Due to the linear dependece of the sub-sequence the
~/

PACF of p-ary m-sequences have a constant value d)aa (2),
if the time-shift k£ is not a multiple of the length of the

sub-sequence Ly,,. If the time-shift k is a multiple of of the
length of the sub-sequence Ly, than p—1 other correlation

values ¢aa (2) ,¢aa 3),...

ferent.

The calculation of the PACF is based on the normal-
ized mapping products and is verified for the ternery and
quinary m-sequence in example 1.1 and 1.2. For the cal-
culation of the PACF we have assigned amplitudes a; €
{ao,a1,...,a5-1} to the elements o; € GF (p). We as-
sume unipolar p-ary m-sequences and assign the elements
of GF (p) the amplitude of their own value.

occure, but not necessarily dif-

The peak of the correlation function ¢aa (main-value
corresponds to time-shift ¥k = 0) follows with the pair-
frequency listed in Tab.1:

N

p—1
— -1 2 2
¢aa =P ' E :ai —Q

=0

(12)

The constant autocorrelation side-value ¢aa (1) (corre-
sponds to a time-shift k # 0) for time-shifts k that are not
multiples of the length of the sub-sequence L,, is:

Boa () = Qo (k20 (mod L)) =
p—1p-1
= p?. ZZai aj — ap? (13)
i=0 j=0

For all other side-values ¢aa (¢) with the assumption that
the time-shifts are multiples of the sub-sequence length L,,,
follows:

Boo () = Goo (k=0 (mod L)) =

= Fme%p“(l—l) (14)
p

The right term in the product in (14) corresponds to
the non-zero occurrence frequencies of the elements from
GF (p) in the sequence. Corresponding to the balance-
property, there are p"~! —1 zeros in the whole length (p™—1)
of the sequence. This amount of zeros has to be subtracted
to achieve the product term on the right side.

The normalized mapping-product I'(y, ¢, p) can be
treated as average correlation portion per
sequence-element (accept the zero-element) in the
PACF.

The parameter ¢ in the mapping-product points to the
index of the correlation side-value with i = t+ 1 for 1 <
t<p-2

To verify the calculation scheme we calculate the PACF
for the ternery and quinary m-sequences.




EXAMPLE 1.7 (PACF FOR EXAMPLE 1.1)

-~ p_l
¢aa = pr—l.za?_ag
i=0
p—1
= 3.) ad=9-(1+4) =45
=1
p—1p-1
73" aia - ao®
i=0 j=0
r—1p-1
= 31'2261,'03':
=1 j=1
= 3-(1+2+2+4)=27

(2 = F(u,t,p)‘p”(l—%):

= I213)p - (1-%) =

2-33-(1—9 =36

if: ag=0

B

aa(l) = if: ay =0

B¢

Summarized:

=45 ...k=0 (modL,,)
..k #0 (mod Ly, Lp,)
..k=0 (mod Lpy)

EXAMPLE 1.8 (PACF FOR EXAMPLE 1.2)

~
¢aa -

p-1
P> al-af
=0
p—1
= 5 a?=5-(1+4+9+16) =150
i=1
p—1p-1

r—2 2
p ZE a,-aj—-ao

i=0 j=0
—1p-1

= ZZ‘““J

i=1 j=1

= 1-(10+ 20 + 30 + 40) = 100
by 1
¢aa (2) = F(I‘Lit p (] - 5)

= 2,15 p (1—%)=

= ? 5%. (1—5)=125
.(1_1)_
p
= 24—0 52 .- (1-%):100:45“(1)
PT'(l—%)=
25 1 Y
= 7-52-(1—g>=125:¢aa(2)

Summarized:

if:a0=0

©-

aa(l) = if: ag =0

O

aa (3) = F(2;2;5)'pr

©-¢

aa (4) = F(213: 5) :

-~

Poo =150
Bon (1)

¢aa (2) =125
The general shape of the PACF for unipolar p-ary m-

sequences is depicted in Fig.1. If we set @,, (3) = @,, (1)
and change the sequence index ss to aa than Fig.1 visual-
izes the results for example 1.8.

..k =0 (mod L,)

kZ0 (mod Ly, L,,)
" k=0 (mod 2L,)

..k =0 (mod Lyy,3Lpy)

Poy (k) =

=100

H. Bipolar Sequences

To remove the mean value of unipolar p-ary m-sequences
we have to assign each element o; € GF (p) (p > 2) its am-
plitude symmetric value with respect to zero. The trans-
form in (15) changes a unipolar p-ary m-sequence to a bipo-
lar p-ary m-sequence.

o if: ;<2
a; = ' ' 2 p>2
a;—p else (15)

IA

-~

This transform changes the equation for the @,, and

¢m (1) while the products a;a; compensate each other:




.>k

! | | L1
0123 1 Ly 2y Ly Ly

Figure 1. General Shape of the PACF of a p-ary m-sequence s(n).

-~ p—l p2 _ 1
¢aa = pr—l Za? —a(2) =p" - 12
rd
Paa (1) = @op (k£ 0 (mod Lyy,)) = (16)
p—1p-1
= pr_z-ZZai a; —ap>=0
i=0 j=0

~

In the calculation for ¢aa (2) we have simply to change
the normalized mapping-product I'(x,t,p) to the normal-
ized and symmetric mapping-product I';(u,t,p).

qzaa (4) ¢aa (k =0 (mOd Lpu)) =

1
Fs ata pr(1-=
(w,t,p) P ( p)

an

ExaMPLE 1.9 (PACF ror EXAMPLE 1.1) The transfor-
mation

0—-01—-1,2+ -1 (18)

changes the sequence to a symmetric ternery m-sequence.

as(n) = [1110 — 111 — 110100 — 1 — 1 — 10

1-1-11-10 - 100] (19)
The main-value of the correlation function ¢aa is:
7 -1 32-1
¢aa = ¢aa5 (0) = pr 12 = 33 - 12 = 18
(20)

The constant side-value ¢aa (1) vanishes due to the zero
mean property of the sequence. To calculate the constant

side-value ¢aa (2) we need the normalized and symmetric
mapping-product I's(u, t,p). With the help of I'(is, t, p) we
can easy derive I'g(u, t,p),

r(2,1,3) = %G)G) 21)
o Ty(2,1,3) = %~(_11)-(‘11)=—1
and (Zaa (2) follows:
Pea @ = Buo (k=0 (mod L) = (22

1
= P52,1,3' . 1—-~-)=
®1,8)- ( p)
3 1 7
-1-8°(1-3 =-18=-0,,

The @, (2) equals the negative (0, for a time-shift k =
0 (mod Lypy,).

Figure 2. PACF for the ternary, symmetric m-sequence corresponding
to example 1.9.

The PACF for example 1.9 is shown in Fig.2 and rep-
resents the general shape of the PACF for all ternery and
symmetric m-sequences.

From example 1.9 the generalization follows:

The general shape of the PACF for a symmetric

ternery m-sequences is zero (]5,“ (1) = 0), accept for
the main-value (no time-shift) and at the time-shift
Lyy, where the negative main-value occurs
~ -~

(Paa 2) =~ = ~2-3771).

ExAMPLE 1.10 (PACF roR EXAMPLE 1.2) The trans-
formation
0—0, 1»1 292 3—-2, 4 -1
(23)

changes the sequence to a symmetric quinary m-sequence.
{1211-10]-21-2-220]|
-1-2-1-110|2-122-20]

as(n) =
(24)

The main-value of the correlation function ana is:




2 2
_r.p_l__2_5_l_
Goa (0) =p" - F5= = 57 - 2= =50

-~
¢aa -

(25)

The constant side-value ¢aa (1) vaneshes due to the zero
mean property of the e sequence. To calculate the constant

side-values ¢aa (2), (ﬁaa (3) and ¢aa (4) we need the nor-
malized and symmetric mapping-product T's(u,t, p). With
the help of T'(p, t,p) in (11) we can easy derive Ts(p,t,p):

(1) (2)
T(2,15) = 3 _22 - —11 =0,
\-1/ \-2/
1 ( ; \ (:;\ 10
Fa(za 2’5) = 7 : =T (26)
4 | -2 2 4
\-1/ \1)
1 -2\
I,(2,3,5) = L (2\ . (1 =0
EACER ] 4 -9 -1
\-1/ \2)/
The norma.bzed mapping-products show, that the
¢aa (2) and d)aa (4) must be zero and only ¢aa at the

time-shift k = 0 (mod 2L;,,) is not equal zero.
With T'5(2,2,5) in (26) we derive:

Goo (k=0 (mod 2L,,)) =

-)-

140 52 . ( %) = 50=-@,, (27)

éaa 3 =
[y(2,2,5)-p

The shape of the PACF of a symmetric quinary m-
sequence is similar to the shape of the PACF of the sym-
metric ternery m-sequence and is sketched in Fig.3. This
allows the geralization:

The general shape of the PACF for a symmetric

quinary m-sequences is zero ¢aa (1) = 0), accept
for the main-value (no time-shift) and at the
time-shift 2L,m, where the negatlve main-value

occurs (¢aa (3 ¢aa =-2- 51-)_

CONCLUSION

A simple scheme to evaluate the periodic autocorrela-
tion functions for p-ary m-sequences was presented. This
scheme is based on mapping-products defined in the pa-
per. These mapping-products are simple to evaluate for
uniform and symmetric p-ary m-sequences and indicate if

----------- *9-0-0-0-0-80-90-0-9-0

o K

g

Figure 3. PACF of the quinary, symmetric m-sequence corresponding
to example 1.2.

a correlation value for time-shifts unequal to zero and less
the sequence length is not zero. This allows a quick deci-
sion if a correlation value has to be calculated and results

in a fast computation algorithm.
ACKNOWLEGEMENT
The authors are thankful to Prof. Franz Seifert for his use-

ful comments.

GLOSSARY
P prime number.
r power of the polynomial.
L, length of the p-ary m-sequence.
Loy length of the sub-sequences of an
p-ary m-sequence.
a(n) p-ary m-sequence.
o element of GF (p).
u primitive element of GF (p).
a =b (mod m) Congruence.
a b (mod m) Not congruent.
Ly, t,p) Mapping-product.
GF (p) Galois-field.
GF* (p) Group of elements in Galois-field.

V¢aa
Pa (0)

(1983).

Main-correlation (time-shift zero).

Side-correlation.
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