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ABSTRACT

This paper compares the performance of low and high-
rate Reed-Solomon codes with Hermitian codes, that is,
algebraic-geometric codes based on Hermitian curves,
over fields containing 16, 64, 256, 512, and 4096 elements.
Comparisons of Reed-Solomon codes with much longer
Hermitian codes over the same field demonstrate the utility
of Hermitian codes with respect to the trade-off between
coding gain and bandwidth expansion. Comparisons of
Reed-Solomon and Hermitian codes of the same length,
but over different fields, show an increasingly favorable
trade-off between bandwidth expansion and complex-
ity of finite-field arithmetic computations as code length
increases.

1 INTRODUCTION

Error control coding is an important means of improving

the performance of modern digital communications systems.

In particular, Reed-Solomon (RS) codes have a number of
desirable characteristics which have made them quite use-
ful, such as a non-binary alphabet that provides significant
burst-error-correcting capability when used alone or as an
outer block code concatenated with an inner convolutional
code. Such concatenated systems, which may also employ
interleaving and soft-decision Viterbi decoding, are used in
a variety of applications, including: the deep-space explo-
ration systems of the National Aeronautics and Space Ad-
ministration and the European Space Agency, where power
savings is the main concern [1]; and the satellite systems
of both the International Telecommunications Satellite Or-
ganization (INTELSAT) and the European Telecommuni-
cations Satellite Organization (EUTELSAT). In addition,
similar concatenated systems have been considered for the
transmission layer of the digital television system defined
by the Moving Pictures Expert Group [1], and such systems
could be effective in mitigating certain types of pulsed in-
terference.

The performance of concatenated systems could be im-
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proved by improving the performance of the outer block
code. Performance of a block code, measured in terms of
probability of decoding error, or coding gain, can be im-
proved by increasing the code word length relative to the
size of the chosen code word alphabet. One of the undesir-
able restrictions of RS codes is that code word lengths are
limited to the size of the alphabet. For this reason RS codes
have been generalized by Goppa [2] as algebraic-geometric
(AG) codes, which allow code word lengths to be much
longer than the size of the alphabet.

In this paper we compare the performance of RS codes
to AG codes with much longer code words. Section 2 con-
tains some coding theory and mathematics background ma-
terial; section 3 provides a definition of AG codes; section 4
describes the methods used to compare the performance of
RS and AG codes; section 5 presents the results of the com-
parisons; and section 6 contains our discussion and conclu-
sions.

2 CODING AND MATHEMATICS
BACKGROUND

All codes in this paper are defined over the symbol alpha-
bet [y, the finite field containing g elements. Both RS and
AG codes are examples of linear block codes of informa-
tion word length k£ and code word length n. For the stan-
dard definitions of a linear block code, code rate, Hamming
distance, and minimum distance d, we refer the reader to
van Lint [3]; for the original definition of RS codes see
Reed and Solomon [4]. Definitions necessary to describe
AG codes follow.

A homogeneous polynomial is a polynomial such that
each of its terms has the same degree; a rational function is
the quotient of two homogeneous polynomials of the same
degree. A projective plane curve is defined as the set of
zeros of a homogeneous polynomial. The complexity of a
curve is measured by a non-negative integer, g, called the
genus, which increases with the curve’s complexity. The
genus of a non-singular projective plane curve of degree [
is given by Pliicker’s formula as g = (I — 1)(I — 2)/2.




Given a projective curve X over [y, a point P is ratio-
nal if all its coordinates are in Fy. A divisor on X is de-
fined to be a formal sum D = ),y np P, where the co-
efficients np are integers of which only finitely many are
non-zero. Divisors may be added term-by-term. The de-
gree of a divisor D is deg(D) = ) pcx np, and the sup-
port of D is {P € X|np # 0). A divisor D is called ef-
fective, denoted D > 0, if all of its coefficients are non-
negative, and given two divisors, Djand D, on X, we write
D, = Dy if D1 — D2 = 0. For a rational function f, we
define the divisor of f to be (f) = > pcx vp(f)P, where
vp is a function which gives the order of the pole or zero
of f at the point P € X. If up(f) = np > 0, f is said to
have a zero of order np at P,and if vp(f) = np <0, f is
said to have a pole of order —np at P. In essence, ( f) per-
forms an accounting function by keeping track of the zeros
and poles of f and their orders.

For every divisor D on X we define the vector space
L(D) over F, of rational functions as

L(D) = {f €Fo(X)|(f) = —Dor f =0},
where Fg(X) is the field of rational functions on X. £(D)
is a finite-dimensional vector space, and by the Riemann-

Roch theorem it has dimension, dim(£(D)), satisfying the
inequality, dim(L(D)) > deg(D) + 1 — g. Furthermore, if
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with n; > 0 and m; > 0, then £L(D) consists of all ele-
ments f € Fg(X) such that

1. f has zeros of order greater than or equal to m; at Q;
forj=1,2,...,s,and

2. f may have poles only at the points P;, with the order
of the pole at P; being at most n; fori = 1,2,...,7.

3 AG CODES

With this background we give the definition of an AG code,
which as described in [3, 6.8], is a generalization of the
original RS code definition.

Definition 1 (AG Code) Let X be a projective curve over
Fqand P, P, . .., P, be distinct rational points on X. Form
the divisor D = P, + P, + -- - + Py, and let G be a divi-
sor on X with support disjoint from the support of D. Then
the AG code Cr(D,G) on X is defined as

Cﬁ(D,G) = {(f(Pl)vf(P2)s"'>f(Pn)) ; f € C(G)}

We remark that BCH codes, which by definition can
have code lengths greater than the size of the alphabet, are
AG codes [5, 11.3.9]. The following theorem, which is a di-
rect consequence of the Riemann-Roch theorem mentioned
above, provides the parameters of an AG code.

Theorem 1 [5, 11.2.3.] If deg(G) < m, the AG code
Cc(D,G) is linear with parameters n = deg(D), k =
dim(£(G)) > deg(G) +1—g,and d > d* = n—deg(Q),
where d* is called the designed minimum distance of the
code. Furthermore, if deg(G) > 2g—2, then k = deg(G)+
1-g.

The inequality involving d in this theorem provides jus-
tification for searching for long AG codes because of their
improved error-correcting capability. The theorem also sup-
ports the previous assertion that the search for long AG |
codes means a search for algebraic curves containing many
rational points.

The number of rational points on a curve is clearly fi-
nite, and in fact, for a given field size, q, and genus, g, the
number of rational points, N,(g), does not exceed the Serre
upper bound [5, V.3.1] given by

No(g) <q+gl2val +1,
where for a positive number a, |a ] denotes the integer part
of a. Curves whose number of rational points attains the
Serre upper bound are called maximal curves. 1t is clear
that this happen only if the field size is a square. It has been
shown that over a finite field containing q® elements, where
q is a power of a prime, the Hermitian plane curves, given
by the equation
Yy +y =a?t,

are maximal curves with genus g = (¢ — ¢)/2 and these
curves contain g + 1 rational points as given by the Serre
bound [5, V1.4.4].

4 METHODS

For the performance comparisons with RS codes we con-
sidered Hermitian codes, that is, AG codes based on Her-
mitian curves, because these curves are maximal and a great
amount of encoding and decoding research for AG codes
has concentrated on codes based on these curves (see refer-
ences in [6]). We further restricted our attention to the case
where the divisor GG in Definition 1 has only a single point
in its support because this is the simplest case and the case
which allows for the longest code length, and also since this
is the case most often considered by encoding/decoding re-
searchers (see references in [6]).

Specifically, we let X be a Hermitian curve over Fg
containing rational points Py, Ps, ..., P,,Q, where n = ¢°
and () is the point at infinity, and defined the divisors D =
P+ Py+---+P,and G = mQ, wheredeg(G) =m <n
as required in Theorem 1. £(G) is then the vector space of
rational functions on X which may have a pole only at Q)
with order at most m. Clearly, D and G have disjoint sup-
port, and so by Theorem 1 this defines a code Cz(D,G)
with parametersn = ¢>,k > m+1—g,andd > ¢ —m.
Yang and Kumar [7] provide formulas for computing the




values of k and d for all values of the parameter m.

To address the trade-off between coding gain and band-
width expansion, we compared the performance of high and
low-rate RS codes with much longer Hermitian codes of
various rates over the same field. For these comparisons we
selected three fields, Fi6, Feg4, and Fo56, and we chose RS
codes with rates as close as possible to 0.92 for the high-
rate and 0.70 for the low-rate, two reasonably bandwidth-
efficient rates; however, over F14, the RS code with high-
est rate which corrected at least one error was (.88, and the
RS code with rate closest to 0.70 was 0.69. To address the
trade-off between bandwidth expansion and complexity of
finite-field arithmetic computations, we compared the per-
formance of RS and Hermitian codes of the same length,
but over necessarily different fields. For these comparisons
we selected three code lengths, 64, 512, and 4096, and RS
codes with rates 0.92 and 0.70.

Performance comparisons were made in terms of code
rate or its inverse, bandwidth expansion, and coding gain,
where coding gain of Hermitian codes relative to RS codes
is determined from graphs of bit error probability (P,) ver-
sus signal-to-noise ratio (E,/Np). These comparisons as-
sume a communications system containing RS or Hermitian
coding, BPSK modulation, additive white Gaussian noise
(AWGN) channel, and hard-decision demodulation. In his
master’s thesis, Rao [8] made similar comparisons for Dig-
ital Video Broadcast cable television transmission systems,
which include RS coding, interleaving, and 64-QAM mod-
ulation rather than BPSK modulation, and which require
very low bit error probabilities.

The calculations of bit error probability in this paper
are based on the standard formulas for the probability of
a BPSK-modulated channel symbol error over an AWGN
channel and the probability of a block code symbol error.
These calculations were performed on a Pentium-based PC
using MATLAB and the MATLAB-based Digital Commu-
nications Toolbox (DigComT), a product of Native Intelli-
gence.

5 RESULTS

The first three sections describe the comparisons between
RS and Hermitian codes of different lengths over the same
field, addressing the trade-off between coding gain and band-
width expansion. The fourth section describes the compar-
ison between RS and Hermitian codes of the same length
but over different fields, addressing the trade-off between
bandwidth expansion and complexity of finite-field arith-
metic computations.

5.1 Comparisons over Fig

The high-rate comparison (Fig.1) revealed positive coding
gain relative to the RS code only for Hermitian codes with
rates less than that of the RS code. By contrast, the low-
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rate comparison (Fig.1) demonstrated positive coding gain
of the rate 0.69, 0.75, 0.80, and 0.84 Hermitian codes rel-
ative to the rate 0.69 RS code at bit error probabilities be-
low 1073. In particular, at P, = 10~5, coding gain for
these Hermitian codes ranged from approximately 0.2 dB
for the 0.84 rate code to 1.5 dB for the 0.69 rate code; at
P, = 1078, coding gain ranged from approximately 0.4
dB for the rate (.84 code to 2.2 dB for the 0.69 rate code
(Table 1).
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Figure 1: Bit error probability vs SNR for RS and Her-
mitian codes over [Fy¢.

5.2 Comparisons over Fgy

The high-rate comparison (Fig.2) showed positive coding
gain of the rate 0.92, 0.93, and 0.94 rate Hermitian codes
relative to the rate 0.92 RS code at bit error probabilities
below 1073, 1079, and 1078, respectively. Specifically, at
B, = 1075, coding gain for these Hermitian codes ranged
from approximately —0.3 dB for the 0.94 rate code to 0.5
dB for the 0.92 rate code; at P, = 1078, coding gain ranged
from approximately 0.0 dB for the rate 0.94 code to 1.2 dB
for the 0.92 rate code (Table 1).

The low-rate comparison (Fig.2) demonstrated positive
coding gain of the rate 0.70, 0.75, 0.80, and 0.85 Hermitian
codes relative to the rate 0.70 RS code at bit error probabil-
ities below 10~3. At P, = 10~3, coding gain for these Her-
mitian codes ranged from approximately 0.4 dB for the 0.85
rate code to 1.0 dB for the 0.70 rate code; at P, = 1078,
coding gain ranged from approximately 0.8 dB for the rate
0.85 code to 1.5 dB for the 0.70 rate code (Table 1).

5.3 Comparisons over Fas¢

The high-rate comparison (Fig.3) showed positive coding
gain of the rate 0.92, 0.93, 0.94, and 0.95 Hermitian codes
relative to the rate 0.92 RS code at bit error probabilities
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Figure 2: Bit error probability vs SNR for RS and Her-
mitian codes over Fgy.

below 1073, 1074, 10~5, and 1077, respectively. At P, =
1075, coding gain for these Hermitian codes ranged from
approximately —0.2 dB for the 0.95 rate code to 0.4 dB for
the 0.92 rate code; while at P, = 1078, coding gain ranged
from approximately 0.2 dB for the rate 0.95 code to 0.9 dB
for the 0.92 rate code (Table 1).
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Figure 3: Bit error probability vs SNR for RS and Her-
mitian codes over Fas6.

The low-rate comparison (Fig.3) demonstrated positive
coding gain of the rate 0.70, 0.75, 0.80, and 0.85 Hermitian
codes relative to the rate 0.70 RS code at bit error probabil-
ities below 10~3. At P, = 1075, coding gain for these Her-
mitian codes ranged from approximately 0.3 dB for the 0.85
rate code to 0.6 dB for the 0.70 rate code; at P, = 1078,
coding gain ranged from approximately 0.5 dB for the rate

0.85 code to 0.8 dB for the 0.70 rate code (Table 1).

High-Rate
P, =10"° P, =10"°
Field | Minimum | Maximum | Minimum | Maximum
Fi6 | -0.4(0.88) | -0.4(0.88) -0.3(0.88) | -0.3(0.88)
Feq | -0.3(0.94) | 0.5(0.92) 0.0(0.94) 1.2(0.92)
Fosg | -0.2(0.95) | 0.4(0.92) 0.2(0.95) | 0.9(0.92)
Low-Rate
P, =10"° P, =108
Field | Minimum { Maximum | Minimum | Maximum
Fis 0.2(0.84) 1.5(0.69) | 0.4(0.84) 2.2(0.69)
Feu4 0.4(0.85) 1.0(0.70) | 0.8(0.85) 1.5(0.70)
Fos6 | 0.3(0.85) 0.6(0.70) | 0.5(0.85) 0.8(0.70)

Table 1: Coding gain in dB’s of Hermitian codes relative to
high and low-rate RS codes over fields with 16, 64, and 256
elements at bit error probabilities of 10~° and 108 with
Hermitian codes rates in parentheses. (Results for Her-
mitian codes with rates less than RS codes not included.)

5.4 Comparisons of Codes of Equal Lengths

Results for the comparisons of Hermitian codes of length
64 over F1g with RS codes of length 64 over Fg4 may be
obtained by comparing Figures 1 and 2. From these plots,
it is evident that in the high-rate case comparable or im-
proved performance was attained by Hermitian codes with
rates less than or equal to 0.84, which represents a +10%
bandwidth expansion and a reduction in field size by a fac-
tor of 4 relative to the rate 0.92 RS code (Table 2). In the
low-rate case comparable or improved performance was at-
tained by Hermitian codes with rates less than or equal to
0.64, which represents a +9% bandwidth expansion and a
reduction in field size by a factor of 4 relative to the rate
0.70 RS code (Table 2).

Plots for codes of length 512 and 4096 (not included
here) revealed a more favorable trade-off between band-
width expansion and complexity of finite-field arithmetic
computations as code length increases. For codes of length
512 comparable or improved performance was attained by
Hermitian codes over Fg4 with rates less than or equal to
0.87, which represents a +6% bandwidth expansion and a
reduction in field size by a factor of 8 relative to the high-
rate .92 RS code over F5;2 (Table 2); in the low-rate case
comparable or improved performance was attained by Her-
mitian codes with rates less than or equal to 0.70, which
represents a 0% bandwidth expansion and a reduction in
field size by a factor of 8 relative to the rate 0.70 RS code
over Fs;12 (Table 2). For codes of length 4096 comparable
or improved performance was attained by Hermitian codes
over Fasg with rates less than or equal to 0.91, which repre-
sents a +1% bandwidth expansion and a reduction in field




size by a factor of 16 relative to the high-rate 0.92 RS code
over F496 (Table 2).

High-Rate
Field Rate
Length | H RS H | RS | BWE
64 Fi6 | Fea | 0.84 | 092 | +10%
512 Fga | F512 | 087 092 | +6%
4096 | [Fas6 | [Fages | 091 | 092 | +1%
Low-Rate
Field Rate
Length | H RS H | RS | BWE
64 Fig | Fgqg | 064 [ 070 | +9%
512 Fesa | Fsi2 | 070 | 0.70 | 0%

Table 2: Bandwidth expansion (BWE) relative to high and
low-rate RS codes for Hermitian (H) codes of the same
length and comparable performance.

6 DISCUSSION AND CONCLUSIONS

The comparisons in §5.1 — §5.3 of RS codes with much
longer Hermitian codes over the same field demonstrate the
utility of the Hermitian codes, with respect to the trade-off
between coding gain and bandwidth expansion. For each
of the low-rate comparisons and for the high-rate compar-
isons over the two larger fields, positive coding gain was
attained at bit error probabilities below 10~ by Hermitian
codes with rates equal to or greater than the RS code. In
the low-rate comparisons, gains of up to 1.5 and 2.2 dB at
P, =10"%and 108, respectively, were recorded over Fys;
in the high-rate comparisons, gains of up to 0.5 and 1.2 dB
at P, = 10~%and 10~8, respectively, were recorded over
Fe4. These comparisons, however, ignore issues involv-
ing the complexity of encoding/decoding algorithms and of
finite-field arithmetic computations.

Hoholdt and Pellikaan [6] characterize algorithm devel-
opment according to three successive stages, which they
call the existence, effective, and efficient stages. They state
that decoding algorithms for RS codes have reached the
third stage of development, but that decoding algorithms
for AG codes have just passed the second and are now en-
tering the third stage. Therefore, since Hermitian codes are
much longer and since at present their decoding algorithms
are not efficient compared to decoding algorithms for RS
codes, considerable progress in algorithm development will
have to be made before Hermitian codes can be considered
competitive with RS codes over the same field, except per-
haps in the case of low-rate satellite communications where
the inefficiencies of AG codes could be tolerated for the
gain of 2 dB.

The comparisons in §5.4 of RS and Hermitian codes of

the same length (Table 2) demonstrate that the same perfor-
mance of RS codes is achievable by Hermitian codes over
much smaller fields, with presumably much simpler finite-
field arithmetic computations, at the cost of some band-
width expansion. Further, the results showed an increas-
ingly favorable trade-off between bandwidth expansion and
complexity of finite-field arithmetic computations as code
length increases.

Finally, future research will consider the effects of con-
catenated codes and will investigate AG codes based on
non-Hermitian curves which provide coding gain but allow
for simpler encoding/decoding algorithms.
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